Abstract. An iterative stochastic approach is developed to estimate transmissivity and head distributions in heterogeneous aquifers. This approach is similar to the classical cokriging technique; it uses a linear estimator that depends on the covariances of transmissivity and hydraulic head and their cross covariance. The linear estimator is, however, improved successively by solving the governing flow equation and by updating the covariances and cross-covariance function of transmissivity and hydraulic head fields in an iterative manner. As a result the nonlinear relationship between transmissivity and head is incorporated in the estimation, and the estimated fields are approximate conditional means. The ability of the iterative approach is tested with some deterministic and stochastic inverse problems. The results show that the estimated transmissivity and hydraulic head fields have smaller mean square errors than those obtained by classical cokriging even in the aquifer with variance of transmissivity up to 3.
Introduction
During the past few decades, numerous mathematical models have been developed to solve the inverse problem associated with groundwater systems given scattered hydraulic head, rk, and conductivity or transmissivity, T, measurements (see Yeh [1986] requiring that the estimator be unbiased and have minimum variance. By casting the problem in a probability framework, Dagan [1982 Dagan [ , 1985 and Rubin and Dagan [1987] show that when the random transmissivity f and head h fields are jointly Gaussian (or multivariate normal) with known mean and covariance, the cokriging estimate and cokriging covariance are equivalent to the conditional mean and conditional covariance of the new joint probability distribution function conditioned on the measurements.
Classical cokriging is a linear predictor. In addition, the cross-covariance function between f and h and the covariance of h required in cokriging are derived from a first-order linearized version of the governing flow equation [Mizell et al., 1982; Kitanidis and Vomvoris, 1983; Kitanidis, 1984, 1989] , while the relation between T and qb is nonlinear. Even if the log transformation of T is adopted, the nonlinear nature between f and h still remains. The linearized relations, being based on small perturbation theory, are valid only if the unconditional variance off is less than 1.0. The nonlinearity in the flow equation implies that in general, h will not be normal, and f and h will not be jointly normal, even if f is normal. As a result the use of classical geostatistical techniques is not justified. This inconsistency is bound to be larger if the nonlinearity of the flow equation is stronger, as in the case of nonuniform flow, or if the variance of the log transmissivity is large. To overcome these problems described above, Yeh et al. [1995] proposed an iterative cokriging-like method that combines the cokriging and numerical flow model. Gutjahr et al. [1994] developed an iterative coconditional simulation approach.
Cokriging also suffers from the numerical stability problem as in the classical inverse models. Dietrich and Newsam [1989] showed that as the quantity of available data increases and the discretization of the system is refined, both a numerically illconditioned parameter estimation problem and an illconditioned cokriging equation may appear. Subsequently, the cokriged transmissivity field may contain some anomalies. To avoid this problem, addition of an error term to the cokriging equation is suggested for stabilizing the numerical solution in earization is performed around the estimated mean in cokriging methods and around the estimated log T in the iterative statistical approach. As a result the latter is less constrained by linearity than the former and leads to better estimates and to more consistent estimation covariance matrices. However, the identity of the estimate remains unknown.
The purpose of this paper is to illustrate problems associated with the assumption of the linear relationship between f and h embedded in the classical cokriging technique for estimating transmissivity values based on f and h data sets. To improve the classical cokriging approach and the minimum-outputerror based approach, an iterative stochastic inverse method is presented. This iterative approach uses an unbiased linear estimator that depends on the covariances of transmissivity and hydraulic head and their cross covariance. This linear estimator is then improved successively by solving the governing flow equation and by updating the covariances and cross covariances of transmissivity and hydraulic head fields in an iterative manner. Therefore the estimated transmissivity and head fields from our approach become the coconditional mean fields, at least in an approximate sense. 
The Inverse Algorithm

Examples
Assessment of an inverse method under any field condition is difficult unless a large number of transmissivity and head data sets are available. Such detailed data sets rarely exist. 
Suppose that all the head and transmissivity measurements are error free and the head values at every node of our finite element aquifer are known. Thus the second term on the right-hand side of (17) must be zero, since the conditional perturbation in h c is zero everywhere, and (17) The true transmissivity field, the cokriged field, and our approach for case 2 are illustrated in Figures 2a, 2b, and 2c, respectively. As crfi increases to 3.01, the cokriged transmissivity field again is very smooth except near the 11 f measurements at the left-hand side boundary. In this case the spatial pattern of the cokriged transmissivity map has little resemblance to the general pattern of the true field. Similarly to case 1, the transmissivity field from our approach is in good agreement with the true one, although the discrepancy between the estimated and the true field is slightly larger than that in case 1.
The above results are expected, since the linear relationship between f and h assumed in classical cokriging is valid only for small variances in f. More specifically, consider onedimensional steady state flow through a stochastic transmissivity field with a given flux, q. The q can be expressed as 
Conclusion
Our proposed iterative approach attempts to circumvent the nonlinear relationship between f and h through successive linear approximations. Two deterministic inverse problems with different degrees of nonlinearity were used to demonstrate the ability of our model. We show that our inverse approach is undoubtedly superior to classical cokriging, which relies on the linear assumption of the relationship between f and h. Our approach is able to reproduce transmissivity and head fields that are in close agreement with the true fields even for aquifers with variance of f up to 3 under nonuniform flow conditions. These estimated fields thus represent the conditional mean fields. However, our approach requires more computational effort than the cokriging.
For stochastic inverse problems the estimated transmissivity patterns by the cokriging technique and our approach are very similar. Nevertheless, our approach is better than the classical cokriging method, since it produces smaller bias and MSE of the estimates. In addition, it reveals a more detailed spatial pattern of the true transmissivity field. We have to emphasize the fact that the estimates of In T and qb fields by our method are merely approximate mean fields conditioned on the observed f and h values. They may be best called the conditional effective transmissivity and head fields.
